Abstract: We show that quantum curves arise in infinite families and have the structure of singular vectors of a relevant symmetry algebra. We analyze in detail the case of the hermitian one-matrix model with the underlying Virasoro algebra, and the super-eigenvalue model with the underlying super-Virasoro algebra. In the Virasoro case we relate singular vector structure of quantum curves to the topological recursion, and in the super-Virasoro case we introduce the notion of super-quantum curves. We also discuss the double quantum structure of the quantum curves and analyze specific examples of Gaussian and multi-Penner models.
Introduction
Riemann surfaces and plane algebraic curves, which can be defined simply by the equation A(x, y) = 0, (1.1)
with A(x, y) being a polynomial in complex variables, play an important role in modern theoretical and mathematical physics. They arise as spectral curves in matrix models, SeibergWitten curves, mirror curves in topological string theory, A-polynomials in knot theory, in various problems in enumerative geometry, and in many other contexts. In all these systems there is a natural notion of quantization, and algebraic curves mentioned above encode some information that can be interpreted as classical, which arises in the vanishing limit of the appropriate Planck constant, denoted or g s . This suggests that there exist quantum counterparts of those curves, referred to simply as quantum curves, which take form of differential (or difference) operators A( x, y) annihilating appropriate partition functions ψ(x)
A( x, y)ψ(x) = 0, ( In the classical, g s → 0 limit A( x, y) is expected to reduce to A(x, y). Such quantum curves and partition functions are also referred to, respectively, as Schrödinger operators and wavefunctions. Examples of quantum curves have been found from several seemingly unrelated perspectives. First, they were identified in the system of intersecting branes, which encode SeibergWitten theory and provide quantization of Seiberg-Witten curves [1, 2] . Second, it was realized that partition functions of branes in topological string theory satisfy difference equations, which quantize mirror curves [3] . Third, it is known that determinant expectation values in matrix models satisfy differential equations, which can be regarded as quantizations of spectral curves [4, 5] . Furthermore, analogous statements were found in knot theory in the context of the AJ conjecture, where colored knot polynomials turn out to satisfy difference equations that quantize A-polynomials [6, 7] . Finally, enumerative geometry provides yet another source of such examples [8, 9] .
While the above examples may seem unrelated, it appears that there is a quantization framework that works universally for all of them [4] , which is based on the topological recursion [10] . The topological recursion was originally found as the solution to loop equations in matrix models [11] [12] [13] , so it is not that surprising that it provides a quantization of matrix model spectral curves. It is however more surprising that the topological recursion provides a solution to the topological string theory on toric Calabi-Yau threefolds [14] [15] [16] -and so, via geometric engineering, to Seiberg-Witten theory -as well as reconstructs the asymptotic expansion of colored knot polynomials [17] [18] [19] . Based on these observations, a universal quantization procedure based on the topological recursion was proposed for all those and some other systems, with its universality explained by the underlying B-model structure (manifest possibly after some chains of dualities) of all those systems [4] .
In the systems mentioned above, it is usually claimed that there is a unique quantum curve assigned to a given classical curve. However, as we summarize in this note following [20, 21] , it turns out that to a given classical curve one can naturally assign not just a single quantum curve, but an infinite family of quantum curves, which are in one-to-one correspondence with singular vectors (also known as null vectors) of the underlying symmetry algebra. In case of the original formulation of the topological recursion, and in all systems mentioned above (topological strings, Seiberg-Witten theory, knot polynomials, etc.) this is the Virasoro algebra. Quantum curves mentioned above and discussed so far in literature, from the perspective of [20] , correspond to Virasoro singular vectors at level 2. The relation of (previously considered) quantum curves to singular vectors at level 2 was noticed also in [5] . However, in addition to those quantum curves at level 2 we identify an infinite family of quantum curves, which correspond to, and have the structure of, Virasoro singular vectors at higher levels. The first aim of this note is to discuss the structure and properties of such quantum curves, corresponding to all Virasoro singular vectors.
The second aim of this note is to present the relation between quantum curves and underlying symmetry algebra in another example, that of super-Virasoro algebra [21] . On one hand, this example nicely illustrates the general idea of the correspondence between quantum curves and symmetries. On the other hand, it leads to the construction of supersymmetric quantum curves, or super-quantum curves for short, which quantize underlying supersymmetric algebraic curves, and are interesting in their own right.
As mentioned above, the quantization procedure for algebraic curves can be very generally formulated by means of the topological recursion, at least in the context of the Virasoro algebra. However, to identify quantum curves corresponding to higher level singular vectors, it is of advantage to consider matrix model formulation of this problem, which is equivalent (at least once both matrix model and corresponding topological recursion formulations exist). In the matrix model formulation the relation to the underlying symmetry algebra is more explicit, and can be identified upon rewriting of the loop equations in the form of Virasorolike constraints [22] [23] [24] [25] . The approach based on matrix models and loop equations has also other advantages. First, it is not difficult to generalize this approach to the β-deformed case, which makes contact with conformal field theory with arbitrary central charge [20, 26] .
Second, it enables to analyze other types of matrix models, with different underlying algebras. We will illustrate this statement in the example of a supersymmetric version of one-matrix model, the so called super-eigenvalue model introduced in [27] and further analyzed in [28] [29] [30] [31] [32] , characterized by the underlying super-Virasoro algebra mentioned above. The topological recursion formalism is not known in this case, so it is of particular advantage to consider matrix model formulation. On the other hand, in the Virasoro case, having conducted matrix model analysis we reformulate the construction of higher level quantum curves in the language of the topological recursion, which is well understood in this case.
More precisely, our strategy is as follows. To start with, we identify a putative wavefunction with some particular matrix integral, that we refer to as the α/β-deformed matrix integral, or α/β-deformed matrix model. It takes form of the β-deformed expectation value of an x-dependent determinantal expression, raised to a power parameterized by a parameter α. We find that the wave-function defined in this way satisfies a differential equation in x only for discrete series of values of α, which turn out to coincide with degenerate momenta in conformal field theory interpretation. In case of the Virasoro algebra these values take form α = α r,s = − 1 2 (r − 1)ǫ 1 − 1 2 (s − 1)ǫ 2 , with r, s = 1, 2, 3, . . ., and ǫ 1 , ǫ 2 are simply related to parameters β, g s (and encode the Omega-background in gauge theory interpretation). Furthermore, these differential equations have the structure of singular vectors of the relevant symmetry algebra, and can be expressed in terms of relevant representation of the symmetry generators.
Our results lead to several other interesting conclusions. First, we find interesting universal expressions for singular vectors, which do not seem to have been known before. For a fixed level, these expressions depend on the parameter α, and setting this value to be equal to the value of the degenerate momentum at the same or any lower level, these expressions reduce to appropriate expressions for singular vectors corresponding to the given degenerate momentum. Second, we note that there are two interesting classical limits of the quantum curves that we consider: the 't Hooft limit of large size of matrices N (or equivalently vanishing g s ), and the classical limit of infinite central charge from the viewpoint of Liouville conformal field theory, which is equivalent to the Nekrasov-Shatashvili limit and corresponds to vanishing or infinite value of β. In this sense the quantum curves that we consider can be interpreted as doubly-quantized objects, similarly (and especially after replacing parameters g s and β by ǫ 1 and ǫ 2 ) to considerations in the context of the Langlands correspondence in [33] . Third, upon specialization of our analysis to multi-Penner or super-multi-Penner models, corresponding quantum curves and other objects reduce to expressions familiar from conformal field theory studies, such as (supersymmetric) BPZ equations, Ward identities, correlation functions and a representation of (super-)Virasoro operators acting thereon, etc.
We also note that results summarized in this note -at least in the context of the Virasoro algebra and standard β-deformed matrix models -can be rephrased in the language of Mtheory, surface operators, as well as refined topological string theory (more precisely, the β-deformed hermitian matrix model can be regarded as a definition of refined topological string theory [5, 34] , whose worldsheet formulation has not been found to date). In the M-theory interpretation, one considers a background geometry of the form
where X is a Calabi-Yau threefold mirror to the geometry A(x, y) = uv, with A(x, y) given in (1.1). The Taub-NUT space is parametrized by complex parameters z 1 and z 2 , and twisted such that a rotation along the circle S 1 induces a rotation z 1 → e iǫ 1 z 1 , z 2 → e iǫ 2 z 2 . In addition, in this background one can introduce M5-branes that wrap S 1 , a lagrangian subspace of X, and a complex line in the Taub-NUT space parametrized by z 1 or z 2 . These M5-branes are referred to as ǫ 1 -branes and ǫ 2 -branes respectively. The quantum curves and wave-functions labeled by Virasoro degenerate momentum α = α r,s (with r, s = 1, 2, 3, . . .) represent a stack that consists of (s − 1) overlapping ǫ 1 -branes and (r − 1) overlapping ǫ 2 -branes. Reducing this system along X leads to analogous interpretation with a stack of (s−1) surface operators of one type and (r − 1) surface operators of another type in four or five-dimensional supersymmetric gauge theory, with non-trivial Omega-background parametrized by ǫ 1 and ǫ 2 . On the other hand, reducing this system to the internal space and taking the mirror leads to the refined B-model topological string configuration on the background A(x, y) = uv, with two types of B-branes, whose wave-function is also labeled by α = α r,s . Such systems with a single ǫ 1 -brane or a single ǫ 2 -brane are discussed in [5] . The plan of this note is as follows. In section 2 we present the singular vector structure of quantum curves in the bosonic case, with the underlying Virasoro algebra. In section 3 we discuss super-eigenvalue models and introduce super-quantum curves, which have the structure of singular vectors of the super-Virasoro algebra. Our presentation is based in particular on [20, 21] ; however we mostly present main statements and results, and recommend the original papers to those readers who wish to get acquainted with proofs and technical computations. Section 4 includes some comments and closing remarks.
Higher level (Virasoro) quantum curves
In this section we determine higher level quantum curves corresponding to singular vectors of the Virasoro algebra, by considering β-deformation of the hermitian one-matrix model; we closely follow [20] , where more details and proofs are presented.
α/β-deformed matrix integrals
To start with we introduce an expression that we refer to as α/β-deformed matrix integral, which will play role of the wave-function
Ignoring the overall normalization and the term in the bracket under the integral (or simply for α = 0), this expression reduces to the eigenvalue representation of the partition function
we denote the Vandermonde determinant, and various parameters that we use are related as follows
The exponential term under the integral is the eigenvalue representation of e − √ β TrV (M ) , with the potential V = V (x) parametrized by times t n and assumed to take form
For β = 1, 
where we identified derivatives with respect to times of the partition function Z (or expectation values of time-independent operators) with unnormalized expectation values (see (2.52) for the definition)
The wave-function (2.1) arises then as the expectation value of the exponent e V (x) (and keeping it simplifies some calculations).
Higher level quantum curves as Virasoro singular vectors
The main question that we ask is whether a putative wave-function (2.1) satisfies a finite order differential equation in parameter x. In [20] we show that this is so only for discrete values of α of the form α = α r,s = − r − 1 2
These values agree with degenerate momenta of the chiral boson in presence of the background charge, and up to a normalization by ig s can be written in the form (1 − r)b + (1 − s)b −1 . Furthermore, we find that for a particular value of α = α r,s the wave-function ψ α (x) satisfies a differential equation of order n = rs in x, which we write as
We refer to operators A α n as (higher level) quantum curves. In general they take form
where operators L −p form a representation of the Virasoro algebra
The crucial observation is that (2. 
and operators A s,r are related to A r,s by replacing b by b −1 . It is noteworthy that expressions of the form (2.8) that we find (and which do not seem to have been known before) have general, universal dependence on α, and our work provides an algorithm to determine coefficients c p 1 ,p 2 ,...,p k (α) that encode at once all singular vectors up to a given level; such coefficients determined explicitly up to level 5 are summarized below. This result is interesting, especially that, even though it is known that Virasoro singular vectors can be written in terms of Jack polynomials [35] , determining their explicit form is still an important problem in conformal field theory (which is solved only in some particular cases, such as r = 1 or s = 1 [36] ).
Furthermore, the operators L −p in (2.8) with p ≥ 0 form the following interesting representation of the Virasoro algebra on a space of functions in x and times t k
where
The operator f (x) acting on the partition function Z has the same effect as computation of the expectation value of the expression
The representation (2.11) can be found by interpreting (2.1) in conformal field theory language,
ǫ 2 at a position x, and determining modes of the corresponding energy-momentum tensor. As L −n involves derivatives with respect to times, encoded in the term ∂ n−2 x f (x), it follows that operators (2.8) are time-dependent quantum curves, so in general they impose partial differential equations in x and times t k . However, for certain choices of the potential V (x) -e.g. for Gaussian or multi-Penner potentials -quantum curves become time-independent and impose ordinary differential equations in x for ψ α (x).
Apart from (2.1), in certain situations it is useful to consider the wave-function normalized by the partition function Z
Taking advantage of the relation
In the rest of this section we present explicit expressions for higher level quantum curves, up to level 5. Imposing the condition that ψ α (x) satisfies a second order differential equation in x, we find that quantum curves at level 2 take form
. This indeed agrees with well known expressions for operators that create Virasoro singular vectors at level 2, see (2.10), and analogous calculation was first presented in [5] . We stress that the form (2.16) is universal, and reduces to either of the two singular vectors at level 2 upon appropriate choice of α. In terms of the representation (2.11), quantum curves in (2.16) have an explicit form
Quantum curves at higher levels can be found analogously, by demanding that ψ α (x) satisfies a differential equation in x of some particular order. At level 3 we find the result
For α = α 3,1 = −ǫ 1 or α = α 1,3 = −ǫ 2 this operator reduces to known expressions (2.10) for singular vectors at level 3; in our context they can be written down more explicitly, using the representation (2.11). Furthermore, substituting values of α corresponding to level 2, i.e.
2 , the second term in (2.18) vanishes and A α 3 reduces to quantum curves A α 2 at level 2. In this sense the expression (2.18) encodes all singular vectors up to and including level 3. Furthermore, quantum curve at level 4 takes form
This expression reduces to known expressions (2.10) for singular vectors at level 4 upon substitution of the relevant values of degenerate momenta
2 . For degenerate momenta corresponding to lower levels, (2.19) factorizes and reduces to expressions for singular vectors at those lower levels.
Taking advantage of the following notation 20) quantum curves at level 5, and also all lower levels, can be written compactly in the form
In particular, setting α to be equal to α 5,1 = −2ǫ 1 or α 1,5 = −2ǫ 2 , the operator A α 5 reduces to known expressions for singular vectors at level 5, and substituting values of α corresponding to lower levels this operator reduces to the form of singular vectors at those lower levels.
With some effort one can find analogous universal, α-dependent expressions for quantum curves and Virasoro singular vectors at higher levels. Simplifying the algorithm presented in [20] that enables to find such higher level quantum curves, and determining their form explicitly at arbitrary level, are important tasks for future work.
Double quantum structure
The wave-functions and quantum curves that we consider, apart from a discrete value of α, depend on two continuous parameters g s and β, or equivalently ǫ 1 and ǫ 2 defined in (2.2). It turns out that one can consider two corresponding classical limits, namely 't Hooft large N (or vanishing g s ) limit, and the classical CFT limit of an infinite central charge. It follows that quantum curves that we consider can be regarded as doubly quantized objects, analogously to the discussion in the context of the Langlands correspondence in [33] . Let us briefly discuss these two quantization procedures. Note that to obtain a well defined, non-divergent classical limit, one has to subtract the partition function Z from the wave-function; therefore in this section we consider quantum curves and wave-functions Ψ α (x) in the normalization (2.14).
To start with, we consider the classical 't Hooft limit for quantum curves at level 2, for β = 1. In this case (2.17), for either value α = −ǫ 1 /2 or −ǫ 2 /2, reduces to
Dividing this equation by the partition function Z we obtain a differential equation for Ψ α , and using the factorization of expectation values, in the large N limit we find the equation
where y is identified with the classical limit of g s ∂ x , while
The result (2.23) is precisely the spectral curve of the hermitian one-matrix model (as defined by (2.1) with α = 0 and β = 1). It follows that the quantum curve (2.17) can be regarded as the quantization of the spectral curve.
Similarly one can analyze the classical 't Hooft limit for quantum curves at higher level. As shown in [20] , in this limit L −p with p ≥ 3 can be set to zero, and L −1 and L −2 become commuting, which is apparently the same limit as analyzed in [37, 38] . In this limit resulting classical curve equations factorize. In particular, the curves corresponding to α r,1 , reduce to
where y is identified with the limit of
Each factor in the above expressions represents the spectral curve (2.23), with (V ′ (x) 2 + f cl (x)) term (or simply y) rescaled by a simple factor. In other words, a product of several classical curves is non-trivially resolved in the process of quantization, in a way which is consistent with the structure of singular vectors, and quantum curves at higher levels can be regarded as non-trivial resolutions of multiple copies of the underlying spectral curve.
The second classical limit that we consider is that of infinite central charge, analogous to the classical limit in Liouville theory. This is also equivalent to the Nekrasov-Shatashvili limit, where either ǫ 1 or ǫ 2 is set to zero. For definiteness we choose the case ǫ 1 → 0, which is equivalent to vanishing b, as follows from the relation
. In terms of b and g s parameters, in order to keep ǫ 2 constant we need to consider a double scaling limit, with both of these parameters vanishing with a constant ratio. In the limit ǫ 1 → 0 it is natural to consider quantum curves and wave-functions labeled by
As mentioned above, we consider wave-functions normalized by the partition function (2.14), which in the ǫ 1 → 0 limit we denote by Ψ NS α (x), and which factorize in this limit as follows
These wave-functions are annihilated by operators that arise in the limit of (2.8)
The operators A NS r+1 have the structure of singular vectors, written in terms of Virasoro generators that arise in the appropriate limit of (2.15)
where F
0 (x, 0) = f cl (x) given in (2.24), and more generally we defined
For example, in the ǫ 1 → 0 limit the quantum curve equation (2.16) at level 2 reduces to
Now it is useful to define inductively differential operators a r+1 q for q = 0, 1, . . . , r + 1
By induction one can show that
Therefore the wave-function Ψ NS
and the corresponding quantum curve can be identified as A NS r+1 = a r+1 r+1 . In particular
can also be expressed in terms of ∂ x and (derivatives of) L NS −2 only. If we further identify the energy-momentum tensor in classical Liouville theory as T (c) ≡ L NS −2 , then the operators A NS r+1 take the same form as operators imposing differential equations for the fields e −rϕ/2 in the classical Liouville theory [39] . Furthermore, taking the limit ǫ 2 → 0, the results we just obtained reduce to those in the 't Hooft limit discussed first.
Examples: Gaussian and multi-Penner models
In this section we illustrate our general considerations in two examples, of Gaussian and multiPenner models. One interesting feature is that in these cases quantum curves can be reduced to ordinary (not partial) differential equations. Second, multi-Penner model is particularly interesting, as in this case our formalism reduces essentially to various results familiar from conformal field theory.
We discuss first the Gaussian model, i.e. the model defined by (2.1) with the quadratic potential, which is a specialization of (2.3) to only one non-zero time t 2 = 1 2
In this case (2.12) simplifies and its derivatives vanish
while operators (2.11) (when acting on ψ α (x)) take form 2 , and in the unrefined limit β = 1, from (2.38) we obtain unrefined quantum curves 39) and then (a unique) algebraic curve in the classical limit 40) with y representing the classical limit of g s ∂ x . At level 3, the unrefined limit of (2.18) yields
where ± corresponds respectively to the choice of α = −ǫ 1 , −ǫ 2 , and in the classical limit we find an algebraic curve which factorizes as 42) in agreement with (2.25) and the earlier discussion. The second interesting example is the multi-Penner model, defined by the potential
As is well known, this matrix model computes, in minimal models or in Liouville theory, correlation functions of (M + 1) primary fields with momenta α i and α ∞ , inserted respectively at positions x i and at infinity on P 1 [34, [40] [41] [42] . In what follows we show that various other objects that we introduced earlier, e.g. the representation of Virasoro operators L n , higher level quantum curves, etc., reduce to familiar objects in minimal models or in Liouville theory for the potential (2.43), with the dependence on an infinite set of times t n replaced by the dependence on parameters x i , i.e. positions of operator insertions. We also recall that the multi-Penner model (2.43) describes a four-dimensional N = 2 SU (2) M −2 superconformal linear quiver gauge theory [34] ; for example for M = 2 this model describes a theory of four free hypermultiplets. Via this connection, our results found from the perspective of matrix models can be interpreted in the language of supersymmetric gauge theories and related topics. Note that for the potential (2.43), the exponential term in the matrix model integrand (2.1) takes form
Each factor in this expression, corresponding to fixed i, has the same form as the determinantlike insertion that defines the wave-function ψ α (x). Therefore for the potential (2.43), the wave-function can be interpreted as a correlation function of (M + 2) primary fields in the presence of an additional field at infinity, or (M + 1) fields once the momentum conservation condition is imposed. This suggests that quantum curve equations in this case should reduce to differential equations for correlation functions of a number of primary fields, which include a distinguished field with a degenerate momentum α r,s inserted at position x. These are nothing but the BPZ equations, and in what follows we show that they indeed arise from our general formalism. In particular, at level 2 we obtain in this way familiar in minimal models or Liouville theory hypergeometric differential equations for four-point correlation functions. For the potential (2.43) we see that the operator f (x) in (2.12) takes form
In what follows it is useful to introduce another normalization and consider the wave-function
Then, rewriting (2.45) accordingly, the representation of Virasoro algebra (2.11), when acting on
(2.47)
These generators coincide with well-known expressions for Virasoro generators acting on correlation functions in conformal field theory. These generators can be further simplified, taking advantage of SL(2, C) invariance, which in the matrix model formulation gives rise to three additional equations that constrain the wave-function ψ α (x). These equations imply that three among M partial derivatives ∂ x i in Virasoro generators L −n can be expressed in terms ∂ x . In particular, for M = 2, with the momentum conservation condition imposed, we find 48) while for M = 3 we find
(2.49) For both (2.48) and (2.49), other generators L −n with n > 2 can be similarly obtained from (2.47).
We can now use the representation of Virasoro operators (2.47) to construct quantum curves that annihilate the wave-function ψ α (x). Quantum curve equations in this case have the same form as the original BPZ equations in conformal field theory. We stress that these equations make sense only for degenerate values α = α r,s given in (2.6). Including an additional determinant-like insertion that defines the wave-function ψ α (x) itself, this wave-function is identified with a correlation function of (M + 1) fields with momenta α = α r,s and α i , i = 1, . . . , M , that are parameters of the potential (2.43).
For M = 3 quantum curves can be built from Virasoro operators (2.49) and other relevant L −n . These quantum curves are written in terms of ∂ x and no other derivatives, thus we obtain time-independent equations for the wave-function, which can be interpreted as the four-point function that includes a field with a degenerate momentum. At level 2 we find a hypergeometric differential equation, coinciding with the original BPZ equations at level 2 [43]
respectively for the choice of momentum α = α 2,1 and α = α 1,2 , and with L −2 given in (2.49). In this case ψ α (x) is identified with the four-point function of fields with momenta α and α i for i = 1, 2, 3 that are parameters of the potential (2.43). One can also analogously write down higher level BPZ equations.
Quantization and the topological recursion
We also briefly summarize the construction of quantum curves and wave-functions by means of the topological recursion, and in particular β-deformed topological recursion in case β = 1.
The main advantage of this formulation is that it works more generally, for a large class of algebraic curves, which are not necessarily spectral curves of some matrix models. More details of this formulation, which are quite technical and involved, are presented in [20] .
Recall that for the β-deformed matrix model, the connected h-point differentials
are defined through the connected part X (c) of the normalized expectation value
In the 't Hooft limit N → ∞, → 0, µ = β 1/2 N = const, (2.51) has an asymptotic expansion
53)
that arise in this expansion satisfy a set of recurrence equations referred to as the (β-deformed) topological recursionwhich are reformulation of the loop equations -with the initial condition specified by the spectral curve [44] [45] [46] . Similarly as in the original (unrefined) topological recursion [10] , one can regard the recurrence equations as a definition of multi-resolvents assigned to a given algebraic curve, and not necessarily related to (the existence of) a matrix model.
Recall now that the wave-function (2.1) can be regarded as an expectation value of a determinant-like insertion. Taking advantage of the properties of the determinant, the asymptotic expansion of this wave-function can be shown to take form
(2.54)
This equation can be also regarded as a definition of the wave-function assigned to a given algebraic curve, even in case there is no underlying matrix model. One can then reconstruct the operator that annihilates this wave-function order by order. In this way, starting from a (classical) algebraic curve, the quantum curve (at appropriate level, determined by the value of α) can be reconstructed. One important remark concerning the resulting wave-function is that it depends on the choice of the base point of integrals. In (2.54) this point is taken to infinity, and it leads to quantum curves that coincide with those discussed in previous chapters (in case the relevant matrix model exists). Another choice, considered e.g. in [8, 9] is to identify the base point with the conjugate point x. In [20] it is shown that wave-functions corresponding to these two base points are related in some definite way, and this phenomenon is analyzed in more detail in [47] . More details and various calculations using the formalism of the (β-deformed) topological recursion are presented in [20] .
Higher level (super-Virasoro) quantum curves
In this section we consider quantum curves which have the structure of singular vectors of super-Virasoro algebra. This algebra underlies the supersymmetric version of a matrix model, also known as super-eigenvalue model, which we therefore analyze. This analysis is quite analogous to what we presented in section 2, and we follow the original presentation in [21] .
α/β-deformed super-eigenvalue models
To start with we introduce the β-deformed super-eigenvalue model, which is a β-deformation of the super-eigenvalue model introduced in [27] and analyzed in [27, 28, 30] . This supereigenvalue model was formulated during the search of a supersymmetric generalization of a hermitian matrix model. Even though a formulation in terms of a proper integral over some supersymmetric ensemble of matrices has not been found, it was shown that the super-eigenvalue model satisfies constraint equations that form N = 1 super-Virasoro algebra, analogously to Virasoro constraints for hermitian matrix model. This super-Virasoro algebra is defined by the following (anti)commutation relations
and of our interest is the NS (Neveu-Schwarz) sector, in which the indices of generators G r take half-integer values, r ∈ Z + 1 2 . Generators L n form the Virasoro subalgebra of the NS superalgebra, and their indices n are integer.
The partition function of the β-deformed super-eigenvalue model that we consider takes form of a formal integral over an even number N of bosonic eigenvalues z a and fermionic eigenvalues ϑ a
and the potential depends on bosonic t n and fermionic ξ n+1/2 times
such that {ϑ a , ξ n+1/2 } = 0. Instead of and β, we also use another pair of parameters (note slight different normalization compared to (2.2))
In what follows by · · · we denote an unnormalized expectation value, defined as
In the analysis of the partition function (3.2) or expectation values of time-independent operators, it is useful to identify their time derivatives with the following expectation values
analogously to (2.5). Similarly as in (2.4), we can associate to the super-eigenvalue model free boson and free fermion fields, and using the above identifications they can be written as
We introduce then a supersymmetric wave-function; it can be defined by means of the above fields (analogously to the non-supersymmetric case, as mentioned below (2.5)), and we also call it as the α/β-deformed super-eigenvalue integral
where θ is a fermionic variable with {θ, ϑ a } = {θ, ξ n+1/2 } = 0. The momentum α is bosonic, and we find that finite order differential equations for χ α (x, θ) arise only for some special values of α. We also decompose the wave-function into bosonic χ B,α (x) and fermionic χ F,α (x) components
For the super-eigenvalue model we find a representation of the super-Virasoro algebra analogous to (2.12), which will be used to build higher level quantum curves
(3.12)
Here we denote 13) and
and inductively we define
By direct calculation one can check that the generators in (3.12) indeed satisfy the superVirasoro algebra, in particular
Using (3.12) we also introduce another representation of the super-Virasoro algebra, as acting on bosonic and fermionic components χ B,α (x) and χ F,α (x) in (3.11); for n ≥ 2 we get
, and we find commutation relations 17) are not obvious at this stage, they are needed to construct super-quantum curves. Yet another representation of super-Virasoro algebra that we consider is associated to the wave-function normalized by (3.2)
In this case the operators G n+1/2 and L n in (3.12) are converted to G −n+1/2 ≡ Z −1 G −n+1/2 Z and L −n ≡ Z −1 L −n Z, and for n ≥ 2 they take form
h(x), log Z ,
f (x), log Z . 
Higher level quantum curves as super-Virasoro singular vectors
We present now super-quantum curves A α n , which annihilate wave-functions defined in (3.10)
These super-quantum curves have the structure of the Neveu-Schwarz (NS) super-Virasoro singular vectors. Recall that NS super-Virasoro singular vectors exist only at levels n = pq/2, for integer p and q such that p − q is even, and correspond to degenerate momenta of the form
which label primary states |∆ p,q of weight
The first few NS super-Virasoro singular vectors take form level 1 2 :
Imposing the condition that the wave-function χ α (x, θ) satisfies a differential equation of a finite order in x, we find that it can be satisfied only for special values of α in (3.21), and operators A n α encode the structure of NS singular vectors, such as those in (3.22) . In the notation A α n the superscript α refers to the deformation parameter of the corresponding wavefunction, and the subscript n denotes the level of the singular vector encoding the structure of a given super-quantum curve. In particular the super-quantum curve at level 3/2 reduces to super-spectral curve of the super-eigenvalue model in the classical limit.
The operators A α n encode the structure of super-Virasoro singular vectors as follows. First, using the decomposition (3.11) and the representation (3.16), we write the wave-function as 23) so that all information is essentially encoded in its bosonic component χ B,α (x). Note that
In consequence one can introduce an operator A
n which annihilates the bosonic wave-function
As we will show, this is the operator A
n that takes form of a super-Virasoro singular vector (3.22), written in terms of generators (3.16). The above equation can be also rewritten in terms of an operator A (0) n -which arises by replacing
Furthermore, the bosonic wave-function is annihilated also by the following operator A 27) related to the operator acting on χ α (x, θ) as
The original super-quantum curve A α n can be reconstructed from A
n and A
n given above 29) and this operator is expressed in terms of generators (3.12). The operator (3.29) can be also transformed into an operator that annihilates the normalized wave-function (3.18) 30) which is then expressed in terms of generators (3.19) .
We present now explicit form of super-quantum curves at first few levels. At level 3/2, for specific values of momenta
we find 32) and as the operators acting on χ B (x)
We find that A
3/2 indeed has the form of singular vectors at level 3/2, see (3.22), for α = ±β ±1/2 . For the remaining value α = 0 in (3.31), A (0) 3/2 reduces to the singular vector at level 1/2, see (3.22) , which can be identified with the partition function (3.2). We also obtain 34) and from (3.29) we finally find the super-quantum curve equation
for special values of α in (3.31). At level 2, for specific values of momenta
we find
This leads to the following operators acting on χ B,α (x) 38) and for α = − Q 2 the operator A
2 takes form of singular vector at level 2 (3.22) . Furthermore 39) and finally from (3.29) we obtain the super-quantum curve equation at level 2 40) for the momenta (3.36) . Upon substitution those values of α that correspond to lower levels (3.31), this result reduces to quantum curves at lower levels.
At level 5/2, for specific values of momenta
we find 42) and acting on the bosonic component this operator is represented as
As expected, for α = ±2β ±1/2 it has the same form as a singular vector at level 5/2 (3.22). Finally, determining A
5/2 and using (3.29), we obtain the super-quantum curve at level 5/2 
Double quantum structure
Similarly as in the bosonic case discussed in section 2.3, also two classical limits and correspondingly a double quantum structure can be considered in the supersymmetric case. The first classical limit is the large N 't Hooft limit (of vanishing ), and the second limit is that of infinite central charge in the conformal field theory interpretation.
Let us consider 't Hooft limit first, such that N → ∞, → 0, and µ = β 1/2 N = const. In this limit we introduce
and then we find A redefinition of the super-quantum curve at level 3/2 in (3.35), which annihilates the normalized wave-function (3.18), takes form 47) for momenta α = ±β ±1/2 . This quantum curve reduces to the supersymmetric algebraic curve, which can be written as
and
The supersymmetric algebraic curve defined by (3.48) coincides with the spectral curve of the super-eigenvalue model, which can be determined by the analysis of eigenvalue distribution in the large N limit, and that we also refer to as super-spectral curve [21] . It follows that the super-quantum curve at level 3/2 can be regarded as a quantization of the super-spectral curve. Classical curves at higher levels can be obtained as appropriate limits of the quantum curves in the second interesting limit (Nekrasov-Shatashvili limit) listed in (3.61); for completeness, these classical curves at a few higher levels take form
The second limit of interests, that can be identified as the Nekrasov-Shatashvili limit or a classical limit in the super-Liouville theory, in terms of parameters (3.5) arises for ǫ 1 → 0 with ǫ 2 fixed. We consider normalized wave-functions Ψ α 2p+1,1 (x, θ) for the momenta 52) which in this limit factorize as
The corresponding super-quantum curves arise at level p + 1/2, and we rescale them as follows
and express in terms of operators
are defined in terms of the deformed prepotential
Quantities G NS −n+1/2 and L NS −n are simply fermionic and bosonic functions of x, such that
The super-quantum curve equation (3.35) at level 3/2 in the limit ǫ 1 → 0 yields
and equivalently can be written as
Higher level quantum curves in this limit can be determined by generalizing the recurrence relation (2.32) to the supersymmetric case [21] , which yields the following results
The form of these operators coincides with that of operators that implement classical equations of motion for certain fields in the classical super-Liouville theory [48] , which is a nice check of our formalism.
Examples of super-quantum curves
It is also interesting to consider specific potentials in super-eigenvalue models and corresponding super-quantum curves. We consider analogous examples as in the bosonic case in section 2.4, i.e. super-Gaussian and super-multi-Penner models. More details, in particular the analysis of planar one-cut solutions in these examples, are given in [21] .
To start with we consider a supersymmetric version of the Gaussian model, whose potential has a quadratic bosonic term, and includes bosonic and fermionic linear terms depending on bosonic and fermionic times t and ξ
Specializing the super-quantum curve equations (3.35) at level 3/2 to this case we find
where α ± = ±β ±1/2 , and after some algebra we find
(3.64)
The second example we consider is the super-multi-Penner super-eigenvalue model with the potential
It is convenient to rescale the wave-function in (3.10) and introduce the following normalization
Similarly as in the bosonic case, in the super-multi-Penner model the potential term
takes an analogous form as M determinant-like insertions of primary fields (3.10). It follows that the wave-function (3.66) represents a correlation function in the super-Liouville theory, which involves (M + 2) Neveu-Schwarz primary fields inserted on P 1 : M of those fields are encoded in the potential, one field is represented by the determinant-like insertion, and one additional field is inserted at x = ∞ ∈ P 1 . The primary field at x = ∞ can also be removed by the momentum conservation condition, and then the model with the above potential describes super-Liouville theory with (M + 1) primary fields. It follows that various objects familiar in super-Liouville theory arise upon the specialization of our formalism to the super-multiPenner potential. To construct super-quantum curves for the model with the potential (3.65), we note first that fermionic h(x) in (3.13) and the bosonic f (x) in (3.14) operators take form and
(3.70)
Super-quantum curves for the super-multi-Penner model can now be constructed using the above representation of super-Virasoro generators in expressions for super-Virasoro singular vectors. For example, super-quantum curve equations (3.35) at level 3/2 take form A 3/2 χ α=±β ±1/2 (x, θ) = 0,
Moreover, using the osp(1|2) invariance of the super-eigenvalue model, it is possible to remove some time-dependence from operators G −n+1/2 and L −n . In particular, for M = 2 and imposing momentum conservation condition, time derivatives can be completely removed, and the action of the above operators on χ α (x, θ) takes for example the following form
Therefore super-quantum curve equations in this case are time-independent, and take form of ordinary super-differential equations. These equations are directly related to the ordinary differential equation considered by Dotsenko and Fateev [40, 49] . This equation was analyzed in [50] and some properties of its solutions, which can be expressed in term of certain two-fold contour integrals, were discussed in [51] . We can also consider the classical limit (3.46) in the above example. The super-quantum curves at level 3/2 reduces in this limit to a system of equations
(3.74)
The same result can be also found from the analysis of the planar solution of this model [21] .
Asymptotic expansion
In the super-eigenvalue model one can introduce the following connected differentials analogously to the asymptotic expansion in the bosonic case presented in section 2.5. Note that in the bosonic case the differentials (2.51) analogous to (3.75) can be reconstructed using the topological recursion, which then gives rise to the quantization procedure sketched in section 2.5. A supersymmetric version of the topological recursion that would compute differentials (3.75) and (3.76) in super-eigenvalue models is not known to date. However, once such a formulation would be established, the expression (3.77) would enable the construction of super-quantum curves beyond the realm of super-eigenvalue models.
Summary
In this work we have shown that quantum curves have the structure of singular vectors of appropriate symmetry algebra. We discussed in detail the case of Virasoro algebra and the Neveu-Schwarz sector of the super-Virasoro algebras. From our perspective quantum curves typically considered in the literature to date correspond simply to level 2 of the Virasoro algebra. In the case of Virasoro algebra we also presented the reformulation of the quantization procedure in terms of the topological recursion.
There are many interesting directions in which these results could be generalized. In [52] we present more explicit formulation of quantum curves from the perspective of conformal field theory, which in particular enables to determine super-quantum curves corresponding to the Ramond sector. Furthermore, considering more general matrix models with more general underlying algebras (e.g. W-algebras) should lead to more general classes of quantum curves.
An interesting outcome of our work is identification of universal α-dependent expressions, which reduce to singular vectors for values of α corresponding to degenerate momenta. It is an important problem to simplify the algorithm that enables us to determine these expressions, and generalize them to arbitrary level.
Another important challenge is to find the topological recursion for the super-eigenvalue model. Such a recursion would enable quantization of a general class of supersymmetric algebraic curves, not necessarily associated to super-eigenvalue models.
It is also important to understand in more detail relations of our formalism to surface operators and brane systems, sketched briefly in the introduction. We are convinced that higher level quantum curves presented in this work should play important role also in enumerative geometry, integrable systems, knot theory, and many other systems where the topological recursion has already proved very useful.
